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Mathematics 3 (Primarily from the field of
Complex Function Theory)
Problem Number M3

Answer Time 40 minutes

GENERAL INSTRUCTIONS

1. Do not look at the Problems until the start of the examination has been announced.
2. Use 6 Answer Sheets and 2 Draft Sheets.
3. Do not use the back faces of the Answer Sheets or the Draft Sheets.

4. Fill in your examinee number in the designated places at the top of all the Answer
Sheets and the Draft Sheets.

5. Answers must be written in Japanese or English.
6. Answers must be marked within the solid frame on the Answer Sheets.

7. Any Answer Sheet with marks or symbols irrelevant to your answers is considered to
be invalid.

8. The Problems are described in Japanese on pages 3-4 and in English on pages 5-6.

9. Scrolling, expansion and reduction of the Problems are permitted. Keyboard
operation is prohibited.

* Show the derivation processes as well as the results.

» Continue the answer even if network trouble occurs.
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Mathematics 3 (Primarily from the field of Complex Function Theory)

Answer all Questions I, II and III. In the following, z denotes a complex number, i

the imaginary unit, e the base of the natural logarithm, and |z| the absolute value of z.

mz

I. Answer the following questions on the complex function M(z) = ——— .
mz—z+1

Here, m is a complex number such that |m| =1 and m # 1.

1. Find all fixed points of M(z) which satisfy M(z) = z.

2. Express the derivative of M(z) at z = 0 by using m.
1-—1i 1
> | =7 on the complex z plane is

V2
mapped onto the real axis through M (z).

3. Find m for which the circle |z —

II. Deduce the conditions for z and, on the complex z plane, draw the area of z in

-1

which the imaginary part of the complex function J(z) = e~*z + e'®z™! is positive.

Here, a isareal numberand 0 < a < /2.

Continued on the next page.
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III.  To calculate the definite integral | = f ——+; dx , consider the line integral
48 0 (x2 4+ 1)2

(z%2 +1)2
number and 0 < B < 1. The closed integration path C = C; + Cxr + C, + C,

of the complex function f(z) = on the complex plane. Here, f isareal

(0 <r <1<R) is defined with semicircles and line segments as shown in Figure

3.1. Answer the following questions.

1. Using the residue theorem, calculate the line integral .ff f(z)dz.
c R
2. Express | f(z)dz+ | f(z)dz with the definite integral j ——— dx.
¢ c , (x2+1)

3. Obtain lim f f(2)dz.

R—o Cr
4. Obtain lim | f(z)dz.

r—0 c,
5. Using the previous results, calculate the definite integral I .

Imaginary Axis
+Ri

+ri
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Figure 3.1
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